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50 A. MATHEMATICS AND PHYSICS. 


VITAL STATISTICS. 


A. Tables of Prussian Mortality, interpolated for Annual Intervals 
of Age; accompanied with Formule and Process for Construction. 

B. Discussion of Certain Methods for converting Ratios of Deaths to 
Population, within given Intervals of Age, into the Logarithm of 
the Probability that one living at the Earlier Age will attain the 
Later ; with Illustrations from English and Prussian Data. 

C. Process for deducing accurate Average Duration of Life, present 
Value of Life-Annuities, and other useful Tables involving Life- 
Contingencies, from Returns of Population and Deaths, aeithout the 
Intervention of a General Interpolation. 


Tue mortality and accompanying tables, to which the attention of 
the Association is called, comprise portions of a series of “tables that 
have been and are being prepared, for the New England Mutual Life 
Insurance Company of Boston, from official returns of the British, 
Swedish, Prussian, and Belgian governments, and from such reliable 
American statistics as are obtainable. . 

In several of the United States of America the decennial enumer- 
ation of the numbers and ages of the living effected for the General 
Government have been quite accurate and reliable, while the only 
official mortality returns (viz. those ordered in connection with the 
last census, 1850) are inaccurate and deficient. In Massachusetts, 
since its Registration Act of 1849, certain districts have furnished 
valuable and satisfactory information respecting the numbers and ages 
of the dying ; but from the published abstracts it has been impossible 
to separate imperfect from reliable data. In the yet unpublished 
abstracts of the returns for 1855 an improvement is being effected, 
under the direction of the present Secretary of State, which, although 
augmenting somewhat the expense, will afford fit material for the 
construction of a Life-Table that shall satisfactorily represent the rates 
of mortality prevailing among the inhabitants of the larger part of the 
Commonwealth. 

The leading paper (A) presents a new Life-Table, complete for 
annual intervals of age, and calculated from over a million (1,197,407) 
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of observations regarding the ages of the dying, in a population of 
fifteen millions (14,928,501), and in a community where observations 
on vital statistics, for many years, are believed to have been made with 
care and accuracy. It adds one to the very limited list of National 
Life-Tables. 

The remaining papers (B and C) are devoted to the discussion of 
certain methods for converting rates of mortality for different inter- 
vals of age into probability of living; and to the presentation of 
abridged methods for calculating, at certain ages, accurate tables of 
practical value, involving life-contingencies, accompanied with simple 
rules for determining any required value intermediate. 


A. Tastes or PrusstAN Mortatity, INTERPOLATED FOR ANNUAL INTER- 
VALS OF AGE} ACCOMPANIED WITH FoRMUL® AND Process For Con- 
STRUCTION. 


The data from which the following tables have been calculated 
were obtained from documents sent by Mr. Hoffman of Berlin to the 
English Ministry of Foreign Affairs, and published in the Sixth Annual 
Report of the Registrar-General in England. 


PoruLation oF Prussia, Crviy AND MILITARY (EXCLUSIVE oF NEUF- 


CHATEL).* 
At the end of the year 1834, 13,509,927. 
“ “ 1837, 14,098,125. 
“ “ 1840, 14,928,501. 


The documents above mentioned give no statistics of immigration or 
emigration. 

The increase of population during the three years 1838, 39, °40, 
was 830,376. 

The excess of births over deaths during the same three years was 
486,937. 

Leaving 343,439, which is 41.36 per cent of the total increase of 
population, unaccounted for by excess of births over deaths. 


* “The population of Neufchatel, not included in the above, was 59,448 in 1837, 
52,223 in 1825.” 
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PoruULATION OF PRUSSIA AT THE END OF THE YEAR 1840, CLASSED ACCORD- 
InG TO AGE AND SEx. 


Ages. Males. Females. Males. Females. Ages. 
O- 5 1,134,413} 1,114,871 
5- 7 370,740} 336,429 2,603,699 | 2,550,022 0-14 
7-14 1,098,546) 1,068,722 
14-16 344,179) 331,039 14-16 
16 - 20 586,059 
20 - 25 692,704 
25 - 32 777,183 3,238,434 | 3,253,643 16-45 
32-39 646,122 
39 — 45 536,366 
45 - 60 816,726; 881,280 45-60 


60 and upwards,| 445,544] 463,935 | 60 and upwards. 


All Ages, 7,448,582) 7,479,919 


Assuming the distribution of the (3,253,643) females for the several 
intervals between the ages 16 and 45 to be proportioned to the distri- 
bution of (3,238,434) the corresponding number of males, we have 


Ages. Females. 
16 - 20 588,812 
20 - 25 695,957 
25 - 32 780,833 
32-39 649,156 
39-45 538,885 
Total, 16-45 3,253,643 


Hence the following 


NoumBERS AND AGES OF THE POPULATION OF PRUSSIA AT THE END OF THE 


YEAR 1840. 

| Ages. Persons. 
| O- 5 2,249,284 
| 5- 7 737,169 
7-14 2,167,268 
14-16 675,218 
16-20 1,174,871 
20 - 25 1,388,661 
25 - 32 1,558,016 
| 32-39 1,295.278 
' 39-45 1,075,251 
45-60 1,698,006 
60 and upwards, 909,479 
All Ages, 14,928,501 


We wish to distribute the population from ages 25 to 45, from 45 to 
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60, and from 60 upwards in quinquennial or decennial periods, to corre- 
spond with the ages of the dying as presented in the mortality returns. 
We first determine the quinquennial distribution between ages 25 
and 45. 
Let P,,, represent the population between ages x and y, or the 
numbers living under age y, less the numbers living under age 2. 


.Then Pye = 1,174,871 x—-b.@-c 
Poo ananeeg mC Pon = Mat peace 
Prog = 4,121,548 L-a.x-C 
Pr6,39 — 5,416,826 + Prt b- a. ee Bey Cc 
Pras = 6,492,077 v-—-a.rt%— b 
Pisco = 8,190,083 + Pose c-a.c—b 


Let a = 20, b = 25, c= 82; then will P69 = 3,722,366. 
Let a = 25, b= 82, c= 39 if i a er rte 
and Pg; = 4,708,839. 
then will Py¢/3; = pase: 
and —- Paap = 5,598,277. 
Let a= 39, b= 45, c= 60; then will Pye. = 5,611,751. 


Taking the arithmetical mean of the above duplicate results, we 
have 


Let a= 82, b= 99, c= 4554 


Prec = 8,712,789 © Hence Py,39 = 1,149,257 
Prej25 => 4,695,445 Poi = 982,656 
Pie 0 — 5,605,014 Fa = 909,569 


Pros = 887,063 
which results cannot vary materially from the actual distribution. 

The following Table gives the distribution of the population of 
Prussia between ages 45 and 60 (1,698,006) ; and of the population 
from age 60 upwards, according to the corresponding proportional dis- 
tribution of the numbers of the population of the Northwestern Division 
of England (the Eighth of the eleven Districts into which England and 
Wales are divided in the Reports of the Registrar-General). 


Ages. Distribution of Prussian Population over age 45. 

45-55 _ ‘4,257,822 ” 

55 — 60 440,684 

60 - 65 353,657 
65 — 75 398,925 
| 75 - 85 137,188 
| 85 - 95 18,638 | 
‘ 95 and over, 1,026 i 
__ 45 and over, 2,607,485 | 


5 
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Numpers anp AGES OF THE POPULATION OF THE NORTHWESTERN Dt1- 
VISION (ENG.) IN 1841, ACCORDING TO WHICH THE ABOVE DISTRIBUTION 
WAS MADE. — (9th Rep. Reg.-Gen.) 


Ages Northwestern Division (Eng.), 1841. ) 
Bes. | | embers and Ages of the this above Age 45. 

45-55 151,064 | 

55 - 60 52,947 | 
60 - 65 39,656 
65-75 44,732 
75-85 15,383 
85 - 95 2,095 
95 and over, 115 
| a and over, 305,992 


The numbers living above age 15 in the Northwestern Division 
(England) were grouped, with reference to age, only in decennial 
classes. 

By assuming the algebraic equation, 

x—55.«—65.2—75 
Pes = ae a5 65 45 65 487 
—45 .x—55.x2—%5 
+ Poses: G5 — 45. 6956 . 68 —75 
x—45.x—55.x—65 
+ Pssrs + 75— 45 .75—55 . 75 — 65 
a close approximation to the probable number of persons living be- 
tween ages 55 and 60 Se 4 947) and between ages 60 and 65 (39,656) 
resulted. 

P35, represents the number of persons reported living under age a, 
less the number living under age 55. 

We remark that P;;,4; is essentially negative. 

The population of the Division, as returned for the night of June 
6 —'7, 1841, was two millions (2,098,820), being one eighth of the 
entire population of England and Wales (15,914,148) at that date. 
The counties of Cheshire and Lancashire constitute this Division. 
The latter county includes the d densely populous and unhealthy district 
of Liverpool. § Qua aw ~— ae 

The ratios of deaths to population for the intervals from age 45 to 
60, and from age 60 upwards, more closely approximated the corre- 
sponding ratios for Prussia, than did those of any other large commu- 
nity concerning which reliable population and mortality statistics were 
to be obtained. 
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TABLE COMPARING RatTIos OF THE ANNUAL NUMBER OF DEATHS TO THE 
NUMBERS LIVING IN CERTAIN COMMUNITIES FROM AGE 45 TO 60, AND 
FRoM AGE 60 TO EXTREME OLD AGE. 


Ages Ages 
45 7 60. 60 and upwards. 
Prussia. - : 
Deaths, 1839, *40, *41, oon RS é 
Population, 1840, i ; 4 : yc ‘its 
Northwestern Division (England). 
Deaths, seven years, 1838 - 44, ) 
Population, middle, 1841, j : : a 079-+ 
Sweden. 
Deaths, twenty years, 1821 - 40, 
Population, mean of 1820, 730, 740, ae _ Oi 
Belgium. 
Deaths, nine years, 1842-50 ra 
Population, October 15, 1856, } nits Oe 
| England and Wales. 
1841, SPOS SS brah .019 .069 


A comparison of the distribution of the numbers of the living in 
Prussia in these intervals of age according to that of the North- 
western Division (Eng.), with a distribution of the same numbers 
according to the mean of the corresponding distribution of equal 
numbers of the populations of England in 1841 and of Belgium in 
1846, would give the following results. 


DISTRIBUTION OF THE POPULATION OF PRUSSIA ACCORDING TO 


| The Mean of Equal Numbers | The Northwestern Division 


Ages. in England and Belgium. (England), 
45-55 1,285,567 1,257,322 

55 - 60 412,439 440,684 
45-60 1,698,006 1,698,006 

60 -—65 330,425 353,657 
65-75 398,646 398,925 
75-85 155,077 137,188 

85 and over, 25,331 19,709 
60 and over, 909,479 909,479 
45 and over, 2,607,485 2,607,485 


The distribution according to the English and Belgian facts would 
give larger numbers after about age 75, in the resulting Life-Table. 

The distribution according to that of the Northwestern Division 
was adopted as the best representation of the probable corresponding 
distribution of the population of Prussia, within the intervals of age 
above mentioned. Hence the following Table. 
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Dratus, PoruLATION, Morrauiry, AND LOGARITHMS OF THE PROBABILITY 

or Livine in Prussia. 

The Numbers of the Living between ages 45 and 60, and from 60 to extreme old age 
are distributed according to corresponding proportional distributions of the numbers of 
the population of the Counties of Cheshire and Lancashire (Northwestern Division), 
in England, in 1841. 


LOGARITHMS OF PROBABIL- 


DEATHS. | POPULATION. MORTALITY. ITIES OF SURVIVING 
EACH INTERVAL. 

Aggregate Ratios of the Average Duplicate 

Numbers Numbers Annual Numbers of | Values, each 


and Ages of |and Ages of the| the Dying during the} deduced from Values 


i i Three Years 1839, 40. i derived from 
during the | ‘Endof the. | °41, to the Numbers | Ratios in the | Comparison of 
Three Years | Year 1840. of ny “pe com- | (Column of | the Duplicates. 
uted wi reference i 
1839, °40, °41. pas a sere | Sealy, 
Dp} Pap Dury a 2 
Ory 7 Ore] ~ Ory Ore og Pory Pore 
Ages. P. ity 
zy: —|—— Ss 
Dy Ps M,,, AP ay 
o-1 | 310,527 
1-3 | 162,356 | $2,249,984 0802238 
3-5 | 69,734 
5-7 33,272 | 737,169 0152056 rr idea — 013155 
7-14| 27,156 | 2,167,268 | — .0077790 —"paseos | | — 028557 
14-20| 92,887 | 1,850,089 0062978 Bao he } — 016416 
20-25 | 34,585 | 1,388,661 0089397 ie } — .019425 
25-30 | 36,849 | 1,149,257 0096939 nalyerheH : — .021058 
30-35 | 31,594 | 982,656 0108317 Mirena } — .023537 
j — 1028646 
35-40 |} 35,579 | 909,569 0181780 Cases, | ¢ 028687 
40-45 | 38,094 | 887,063 0144675 eee } — .031449 
45-55 | 78,503 | 1,257,922 0210345 | eri ; — 092322 
55-60 | 46,704 | 440,684 0357042 he , —.077981 
60-65 | 58,576 | 353,657 0557995 SE ts — .122189 
65-75 | 107,653 | 398,925 0909134 laneeee } — .415608 
j —.716433 
75-85 | 61,697 | 187,188 1515098 || “7 B0E82 | t — z29021 
hic ; 15,572 | 19,709 2661784 
upwards je 
Total, | 1,197,407 | 14,928,501 
C 14928501 — Population of Prussia, as returned for the end of the year 1840. 


= + qar07e7 = 


Population of Prussia, estimated for the middle of the year 1840 
from the numbers returned as 1 
and 1840. 


iving at the end of 1834, 1837, 
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It will be observed that the values derived from comparison of the 
duplicate logarithms, and which have been adopted in constructing 
the Interpolated and other Tables, are not in all cases arithmetical 


means. The difference is of little moment, but there is no sufficient 
reason for preferring the former. 


LoGARITHMS OF THE PROBABILITY OF SURVIVING, 


Computed from the Returns of the Numbers of the Living under Age 5; and of the Numbers 
of the Dying annually under 1 Year of Age, over 1 and under 3, over 8 and under 5. 


Ages. D pery . 

0-1 — .082920 
1-3 — .051670 
3-5 — .022522 


The successive addition of the logarithms of the probabilities of 
surviving the consecutive intervals of age to 5.001688, the logarithm 
assumed for the proportional numbers born alive, gives the following 


TABLE OF THE LOGARITHMS OF THE PROPORTIONS, AND THE PROPORTIONS 
OF PERSONS BORN ALIVE AND SURVIVING CERTAIN AGES IN PRUSSIA, AC- 
CORDING TO THE CALCULATED Law or Morratiry. 

Deaths, 1839, ’40, °41. 

Population computed with reference to middle of 1840. 

Distribution of Population above Age 45, Northwestern Division (Eng.). 


Survivors. 
Age. Logarithms. Persons. 
AL, L, 
0 5.001688 100,389 
1 4.918768 82,941 
3 4.867098 73,637 
5 4.844576 69,916 
14 4.807864 64,249 
25 4.772023 59,159 
35 4.727428 53,386 
45 4.667342 46,488 
55 4.575020 37,585 
65 4.374850 23,706 
75 3.959242 9,104.2 
85 3.237221 | 1,726.7 
95 1.982879 96.1 
105 — 1.803755 636 
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The values opposite ages 95 and 105 were computed from the 
logarithms of the numbers surviving at ages 65, '75, and 85, by the 
exponential formula, 


AL, = ©, = Sy + (O4— Eq) eetetee 
C= =e ae i5 65 qe tee” 
in which 
®,, — & 
75 — 65 or 10 pe 85 75 
YM ee 


These values were adopted as bases for the construction of the 
accompanying Life-Table interpolated for annual intervals of age ; 
and also for computing by abridged methods certain practical life- 
contingency tables. 

Before presenting this table and these methods, we will state some 
of the principles which underlie, and indicate the process by which 
ratios of the numbers of the dying to the numbers of the living, during 
the several intervals of age, have been converted into logarithms of 
the probabilities that one living at the earlier age will attain the later. 

Whenever, in any community, the intensity of mortality at each 
age, or the ratio of the numbers momentarily dying during each 
minute interval of age to the numbers then living within the same 
interval, has been constant for a period of time equal to the difference 
between the specified age and the extreme of old age, an invariable 
law of mortality is said to prevail in that community. 

The law of human mortality is seldom strictly invariable. It fluc- 
tuates within certain limits, not only with different communities and 
localities, but in the same community during successive periods, and 
in the same localities. The habits, occupations, and social condition 
of the members of the community remaining unchanged, the larger 
their numbers the narrower these limits. It is within the province 
of the vital statistician to determine, not merely an average of the 
rates of mortality prevailing in a community, but also the sensible 
limits within which the rates fluctuate. 

Our present inquiries have reference to the determination of a law 
of mortality which shall satisfactorily represent the average of the 
rates prevailing among the inhabitants of a populous state, with fixed 
geographical boundaries; and in which the numbers of the inhab- 
itants vary with births and with deaths, with immigration and with 
emigration. 
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If, in a large community, varying with births, deaths, and migra- 
tions, but in which the numbers of the population have not been 
subject to sudden and irregular change, the number of the dying 
during a given year or period of time between ages not very remote | 
be divided by the number of the living between the same ages at 
the middle of that period of time, the quotient resulting from the 
division has generally been assumed closely to approximate the quo- 
tient that would have resulted had the numbers of the population 
within the limits of these ages been stationary; that is, assuming 
an invariable law of mortality, had the numbers of the population 
for each minute interval of age within the limits of these ages re- 
mained constant during that period, and unaffected by either immi- 
gration or emigration. 

The errors involved in this assumption are of small moment com- 
pared with probable errors of observation, and vanish when the inter- 
vals of age are taken exceedingly minute, and where the excess or 
deficiency of the deaths in the former half of the period of time, with 
reference to half the deaths of the entire period, is exactly counter- 
balanced by a corresponding deficiency or excess of the deaths in the 
latter half of that period of time. 

We adopt this hypothesis, and assume that each of the ratios in 
the column headed Mortality is identical with that which would have 
resulted had the population of Prussia within the limits of the ages 
been stationary for a period of years equal to the specified interval ; 
and we also assume the accuracy of the Prussian mortality and pop- 
ulation returns. 

From these ratios we now proceed to determine duplicate logarithms 
of the probability that one surviving the earlier age in each interval 
will attain the later. 

Let P,,, = the number living under age 2, in a stationary popula- 

tion, in which the same law of mortality prevails as in 
Prussia. 

Dy, = the number of annual deaths under age « in the station- 
ary population. 

J, = the number born alive each moment of time, in the stationary 
population. 

1, = the number surviving w years, out of (/,) the momentary 

_ number of births. 
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i ; = the probability that one surviving the earlier age (a) 


will attain the later (0). 
do), = 4 — 1, = the number dying in w years out of (7) the mo- 
mentary number of births. 
In a stationary population 


Doz aa Me 
and 

OP iin .445 
therefore, 


cf 
Poe =f (lo — Bye) = GS — fbn 


But M.,,, the ratio of the average annual number of deaths in Prus- 
sia between ages a and bd to the number of the living between these 
ages, computed with reference to the middle of the period in which 
Dur — Dor ie Dorn 
the deaths occur, equals Fey ees 

Assume 6), = Qa-+ Ra’, Q and R being unknown, and inde- 
pendent of the variable x. 


Then 
eg+Rex 
Das — sa a 
and ; 
x x\ 1 
Sm = (Q5+ 25) 35° 
Hence 
‘ cay Dir ee nee ree Qi-—at RRA? 
My (which = P. Pee eee , _ git _ pi a Pa 
Sea lancideaae os 
sl Q+Rb+a 
wig Taha ae ol aha bobs 
Be: pe pe har te 


and 


My, = a eae +o 
tf ii ae! Cc Cc Cc 2° 
Ne. Si ame “OI 
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So also, 
P l l,— 8 l1— Qb— RP 
r ‘a, h  F— ~ — : = = : = 
fag (eR 2g Aaa heed Guacdl oth 
and 
—_.h—Qce—RE 
ih ea 8 Capea oy ere 


Given M,,, and M,,,, required d p,,, and 2 P,-+ 
First determine values for Q and R; the values of A p,,, and Ap,,- 
are then readily found. 


Y M,,,—B' My. 
Q= y B—B'y «hy, 
and 
y Mi — BM,,. ar: 
ley py 
in which 


> 5 — Pp a das 
pibpap Poco ee 


y= ip r en, 


y' = e+bo+ aed b*) Miye 


The reduction may be simplified by letting 4 = 1, and by the use 
of addition and subtraction logarithms. 

In like manner, from M,,, and M,,, obtain A p,,, and A p,,; and so 
on for all intervals of age which the returns give. 

We thus obtain duplicate values for the logarithms of the proba- 
bilities of surviving all the intervals specified except two. For the 
first and the last interval we have but single values. We may, without 
material error, adopt for the true probability the mean of these dupli- 
cate results. 

It will be observed that the conversion, in each of these cases, is 
made for the entire interval, not, as is more frequent, for the middle 


6 
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year of the interval. We are thus enabled, without the intervention 
of a general interpolation, to compute directly the number surviving 
at certain ages in the resulting life-table, out of a specified number 
born alive. 

Usually the conversion is from a single ratio, based upon the 
assumption of a uniform distribution of deaths throughout the interval. 
By the present method, however, the conversion is effected, taking 
into account the actual or variable distribution of deaths, from three 
consecutive ratios, one preceding and another following the interval. 
A comparison of the relative accuracy and simplicity of several 
methods for effecting the conversion will be given on a following 
page. 

We now proceed to indicate methods for obtaining probabilities of 
surviving from birth to ages one, three, and Jive. 

We have the average annual number of deaths in Prussia under 
the ages of one, three, and five (Do, Do)3, Dos), for the period of the 
three years 1839, 40, °41; and the population under the age of five 
(Pos) at the end of the middle year of the period (end of 1840) ; 


1 ; : ; 
also the ratio (*) of the annual increase in the number of births 


deduced from the numbers registered for each of the six years 
1836-41. The average annual number of deaths for the three 
years 1839, 40, °41 we shall consider identical with the number of 
deaths for the year 1840. 

From the following, it would appear that the accurate number of 
those born alive cannot be obtained directly from official reports, be- 
cause of probable deficiencies in registration. If the numbers of the 
living and of the dying at the earlier ages have been accurately 
observed and returned, if the numbers at these ages have been but 
little affected by immigration and emigration, and if the ratio of 
annual increase in the number of births can be obtained, a close 
approximation to the actual number of those born alive may be 
computed. 

Let J, be the number of those momentarily born alive in Prussia at 
the time for which the census was taken (end of 1840). 

1 ___/births 1839, °40, ai 

ee (es 1836, °37, °38 
increase in the number of births estimated from those registered for 
each of the six years 1330-41. 


= 1.01545, the ratio of the annual 


, 
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r= = .0066586, the logarithm of this ratio. 

Let 8,, be the number that died before attaining the age of x years 
(according to the prevailing law of mortality) ou: of (/9) the number 
born alive in Prussia during the moment of time (end of 1840) that 
the enumeration of the living is supposed to have been made. 

v? dd,,. will express the number of those aged 2 years that died in 
Prussia during the supposed moment of enumeration. 


ad 1 
yf uF d buf == Des 
0 0 


the annual number of deaths in Prussia under the age of x years, for 
the year ending with the census, i. e. for the year 1840. 


xz z 
vf v2 f v* d Sux 
0 


represents the total number that died in Prussia during the x years 
preceding the time of the enumeration of the living, out of the num- 
bers born alive within that period. This expression obviously equals 


» Dow 
ov fo Fe” 
lL f ‘v* 
represents the number born alive during the x years preceding the 
time of the enumeration. 
The numbers born alive within this period of x years, less the num- 
bers dying within the period out of the numbers born alive, obviously 


represent the numbers of the living at the end of the period under the 


age of x years; immigration and emigration among those under age 
x being considered null. 


7 av 
ee Lf Saar, v-* fv dae 
=1 f° yt — yy? y7? Dow 
0 ior 
1 
Lf o = Le 
0 


the numbers born alive during (1840) the year immediately preceding 
the time of enumeration. 
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Hence 


eM a etefin fief 
= Pn to fioms -* eee 


defor a; 


in which V is the Napierian logarithm of v. 
Let « = 5; then will 


nhl ka peers 


eres 


To simplify, let 
iu ili cg | v V pi aa d HH 


ee pm)" x 


Di .de= 


Then 


5 oy ease 
Ly = § Pos cmt i Diz d 2} yo — "& 


The returns give 


Di = average annual deaths under ages one, three, 


Dae eee and five. 


Dos = 178,539 


P,. = 2.249.284 population under age five at the end of the 
on... 9 9 


year 1840. 


From these, and from .0066586 (= r -) the logarithm of the ratio 


of annual increase among registered births, we find 
Din = 98,100, 
Diz = 154,043, 
bs = 179,912. 
Assume 
Dye = Dh [= 0] + 26+ e.2—16+2.2—1.2—86 + 
v.a—1l.e—3.2—5R 


= 26+ (x°—2) + (a? —42°+- 3.2) 6+ (x'—9a°+ 23 2?— 152) R. 
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So Dude = 5 ee tee chee)? 
+(¢—*F4 = R 
2xe—3 44 02= 10s 218 4 


ioe 


am — 135) « + 460] x — 450 
ee eM a 


Ri. 


o Pie — 9+ (2e—1)@+ Bat — 82+ 8) 6 
4 (42° — 272° + 462 — 15) R. 
Gist = 2A + (G2—8)O 4 (12s — She + 46) R, 


6, &, and & are the divided differences of the values Dj). (= 0), 
2 fe and D,,;; and R is indeterminate. 


A 6 Aé 6 AG 6 


D! 
ie As oo 98,100 98,100. 
ig >, 99,043 27,971.5 


0/3 154,043 __ | 
Di, = 179,912 75569 12,984.5 


— 70,128.5 — 23,376.17 


— 15,037.0 — 3,759.25 19,616.92 3,923.38 


Ml th 


We observe that the divided differences of the first order are posi- 
tive, and that they diminish as the age advances. 

Required for R a value such that the first differential coefficients 
of the function assumed for Dj. be positive. It would also be de- 
sirable, if possible, that the second differential coefficients, from birth 
to at least age five, be negative. 

The latter is not possible for the entire ia with our present 
values for Dj,,, Dj,3, and Dj,;, if we assume but one arbitrary value 
(R). Our object, however, is sufficiently attained by taking, for R, a 
value such that for ages three and five the above conditions shall be 
observed. 

That the first differential coefficients be positive for ages three and 
five, it is requisite that 

R< 396.6 
> — 920.1 ; 
that the second differential coefficients be negative for the same ages, 
it is requisite that 


(7 hs 
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R > — 939.8 
<< — 520.6; 
from which it appears that R should be negative, and that its value be 
between — 920.1 


and — 520.6 
Let R = — 700. We now have 
= 98,100 
F = — 23,376.17 
ée — 3,923.38 
R =—_l 700. 
‘Hence 
d ; 125 
4; Di,,d« (which = a bar Pe 4 as Pid qa R) = 657,995. 
0 
v—l1 
ata +f" Did x} er 
in which 
Vik oe 
X- = 1.3142433, 
Us b edaced 1 
and 
Pos = 2,249,284 ; 
therefore, 


L, = 599,418. 

By the above process the probable number born alive during the 
year 1840 is found to have been 599,418 instead of 562,394, the 
average of the numbers registered as born alive during each of the 
three years 1839, ’40, °41; thereby indicating an annual deficiency 
in the registration of 37,024, or about 6.2 per cent of the probable 
number born. 

In the above we have supposed the numbers of the dying and of the 
living at early ages accurately returned. If either be represented less 
than truth, the resulting correction would give still larger the probable 
number of births. Correction for deaths that escape registration, if 
any, would tend to reduce the probabilities of living. 


Having found ZL, (which equals shard ‘ a , the annual number 
8 q ds 


V 
of births for the year 1840, we next seek values, corresponding to 
intervals of age 0-1, 1-3, and 3-5, for Dy, (which equals 
v—l doyx 

V “da” 


the annual number of deaths in a stationary popula- 
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tion in which ZL, is the annual number of births ; or the number that 
must die in x years, according to the law of mortality prevailing in 
Prussia, out of Z,, born alive. 
vV 
silat hos tal 
vV 2 v—l 
= v? ——., - 
v—1Jo dx V 
Painted 
~ oe] 


Zz 
tl 
‘ od Daa « 


Se Diba = ae od (v? Duc). 


But 
d (v? . D'o;x) =" d Pras + <a . d oy == 15" (d Dx oa V Doz d x) 3 
. dD = (dys VDy.d2) > 
Integrating, 


Vv 


—1 v—1 
ig — Sy Due ae —-f Died a. 


v, Vy Don, D's, and D‘,; are already known; also 6, 6°, and 6°, 
and R in the expression 


ff Duda =* 6 + 2 e4 Ge Met Be 
(12 @ — 185) w + 4601 2 — 450 
+l eA etsaid bias Z . 


Substituting for x values 1, 3, and 5, we have 


f. "Diya dx = 55,899, 
0 
3 
S D'y2d x = 323,335, 
0 


5 
I Duda = 657,995. 
it} 


Therefore, 
Dy, = 104,184, 
DD, = 159,735, 
D"y¢ = 181,955. 
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A Pox (the logarithm of the probability that one born alive will sur- 
wees Lio ay 
vive x years) = ne aes = ——— 
0 0 

Therefore, 
A Por = 1.9170804 = d.82619, 
A Pos = 1.8654097 = 2.73352, 
A Pos = 1.8428880 = A .69645. 


Hence of 100,000 born alive there will attain the age of 
one year 82,619, 
three years 73,352, 
five years 69,645 ; 
or of 100,389 born alive there will attain the age of 
one year 82,94], 
three years 73,637, 
five years 69,916. 


The latter results are those adopted in the accompanying inter- 
polated and other tables. These tables, as first constructed, repre- 
sented the probability of surviving five years from birth to be .69916, 
computed by a process less rigorous and satisfactory than the one 
just described. By assuming the same number surviving at age five 
(69,916) as in the original table, modification of the values for ages 
greater than five becomes unnecessary. 

The logarithms of the numbers surviving certain ages out of 100,389 
born alive may be continued for ages greater than five, by successively 
adding to 4.8445759 (the logarithm of the number surviving age five), 
the logarithms that have previously been determined for the proba- 
bilities of surviving the consecutive intervals. 

The table will then be ready, either for a general interpolation of 
the numbers surviving each anniversary of birth, or for obtaining, by 
abridged methods, the accurate average duration of life, life annuities, 
annual premiums, single premiums, and other practical tables involy- 
ing life contingencies, for certain ages, without the intervention of a 
general interpolation. Simple rules may also be added for computing 
from these periodical results any specified values intermediate. 

The following is a brief method for finding approximate values for 
the probabilities of surviving the intervals from birth to ages one, 
three, and five, on the supposition of a probable deficiency in the 
registered number of births, and that the ratio between the numbers 
registered and the true numbers is constant. 
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The same interpretation of symbols is observed as in the last 
demonstration. 
We already have 


sa 1 Pos tf” D240 fit 
Ty = by fo ee AY ’ 


and 


zx l 
Dye = fv? dine f° 


When the interval (0-2) is not large, x v2 is a close approximation 


to the value of Sf ve dx; hence the following gaa relations. 


r= 2 yt = [Pot Sf, Diyjede as 


eo 2h; 
/ pee ie 12 
IX oa sare vt . v? . 
vt d So/2 _ d Dis 
* da v 


Let us first seek an approximate value for Ly. 
It is obvious that 


5 3 1 
Sf Dusde =f D,,d2 am A Devt e +f Mois ax. 


Assuming each term, in the right-hand member, to be the integral 
of the general term of an equidifferent progression, we have 


Sf Dusdx =5—3 2 eee 
dD! D 
f i £290 Dt Du 


1 D' 
ff Dieta = 1-0. 


I 


Therefore, 
5 
f Dron dx — D's ok 2 Dos ai 2 Don ° 
Since 
; / v Dog 
1 a SS a . of? 


Do, D'y3, and D',,; equal respectively 98101, 154044, and 179913. 
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Therefore, ; 
f Diz de = 635,152. 
But 
i et Pos ods. D'y,, 0 & 
sii 5 v? 

__ 2,249,284 + 635,152 = 2,884,436 

I 5v* 

= 594,851. 


594,851, the computed number of births for the year 1840 by this 
approximate method, is less by about three fourths of one per cent 
than 599,418, the corresponding number of births computed by the 
previous method. 

Having found an approximate value for 


1 j 
vt. yt (or Ly), 
we next wish approximate values for 
dy dD 
hivces EF 
thea (or f’, = )s 


corresponding to intervals of age 0-1, 0-3, and 0-5. 


When the interval ) —a is small, 


6 D Wak 
hi 2 Dus a nearly equals —“ =" ~ Pore , or Pus. * 
oy yt 
Hence the following approximations : 
6 
ph = 7 = 104,306. 
3 oe = = 55,804. 
y es es ae = 22,984, 


ot oo — 104,306. 


vt one — 160,110. 


yp} OS = 182,844. 
dx 


* This approximation was adopted by Dr. Farr in constructing his Austrian 
Life-Table. — Rep. Reg. Gen. 
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Hence 

L ou vt 

Pon (which = ——, : A-11.9162709 = .82465 
0 

= Pon a vt 
Pos (which = . = .73084. 

$ 

, Fos oat 
Pos (which = —,* = A-!J.8410233 = .69346. 


Then of 100,000 born alive there will be living at ages 

(1) 82,456, 

(3) 73,084, 

(5) 69,346 ; 
or assuming the number living at age five to be 69,916, the same as 
in accompanying tables, then out of 100,821 born alive there will be 
living at ages (1) 83,148, 

(3) 73,684, 

(5) 69,916. 

This table, joined with the interpolated for ages greater than five, 
gives for average future duration of life 36.51 years from birth, 
instead of 36.66, according to the values previously obtained, and 
adopted in the interpolated and other tables. 

If we substitute 562,394, the average annual number returned as 
born alive in Prussia for a period of time (1839, ’40, ’41) of which 
the year 1840 was the middle, for 594,851, the approximate number 
just computed, we shall find 


A Pon = 1.9109082 = dr .81453, 
Pog = 1.8544920 = 2.71531, 
X Pos = 1.8298000 = d 67577 ; 
and out of 103,461 born alive 84,272 will survive one year, 
74,006 7 three years, 
69,916 ee five years, 
and the average future duration of life from birth will appear to 
have been 35.61 years. 
A general interpolation of the logarithms of the proportions surviv- 
ing each anniversary of birth intermediate the specified ages, gives 
the following. 
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Prussian Lire-TABib, CALCULATED FROM THE AGES OF THOSE DYING DURING 
THE THREE YEARS 1839, ’40, 41; AND FROM THE AGES OF THE LIVING 
COMPUTED WITH REFERENCE TO THE MIDDLE OF THE YEAR 1840. 


| LOGARITHMS Differences PERSONS Average 
| Paine tog” | hematin 
of the Numbers jality. nt oath Logarithms of | Born, and Pes ais (or Expec- 
Born, and Living Age, of Living | the Probability Living at Year of tation) of 
at each Age. One Year. of Living. Life. 
i iL 4h,,—Ab, 4P,—4AP oy E 
| Ages. er Ap, ere Aip, z 
| eee Ate ee, Fae ern Me EE: ers ree 
ieee 5.001688 917080 —1.| —51797 | 100,389 17,448 36.66 
1 4.918768 -968877 — 10576 82,941 5,736 
2 4.887645 979453 — 7597 77,205 3,568 
3 4.867098 .987050 — 38378 73,637 2,163 
Ps Sag 4.854148 | .990428 — 1854 71,474 1,558 
ees 4.844576 .992282 — 1678 69,916 1,232 47.06 
6 4.836858 -993960 — 1241 68,684 948 
7 4.830818 995201 — 886 67,736 745 
8 4.826019 -996087 — 601 66,991 601 
9 4.822106 -996688 — 381 66,390 504 
| 10 4.818794 .997069 — 210 65,886 443 44.81 
1l 4.815863 .997279 = 84 65,443 409 
12 4.813142 997363 4 65,034 393 
13 4.810505 997359 63 64,641 392 
ee 4.807864 997296 99 64,249 399 
15 4.805160 997197 120 63,850 411 41.17 
16 4.802357 997077 121 63,439 425 
17 4.799434 996956 123 63,014 440 
18 4.796390 996833 114 62,574 455 
19 4.793223 | .996719 107 62,119 468 
20 | 4.789942 -996612 101 61,651 479 87.54 
} 21 4.786554 996511 95 61,172 489 
|. 22 4 4.783065 996416 95 60,683 499 
23 4.779481 996321 LOM. 60,184 508 
24 4.775802 996221 106 59,676 517 
25 4.772023 996115 118 59,159 527 34.02 
26 4.768138 995997 121 58,632 538 
27 4.764135 995876 125 58,094 549 
28 4.760011 995751 128 57,545 560 
29 4.755762 -995623 133 56,985 571 
30 4.751385 995490 137 56,414 583 80.55 
31 4.746875 995353 140 55,831 594 
32 4.742228 995213 144 55,237 606 
33 4.737441 -995069 151 54,631 617 
34 4.732510 | .994918 153 54,014 628 
35 4.727428 | .994765 158 53,386 640 27.14 
36 4.722193 994607 159 52,746 651 
37 4.716800 | .994448 161 52,095 661 
38 4.711248 | .994287 165 51,434 673 
39 4.705535 994122 171 50,761 682 
40 4.699657 993951 185 50,079 693 23.76 
41 4.693608 .993766 204 49,386 703 
42 4.687374 | .993562 230 48,683 717 
43 4.680936 993332 258 47,966 731 
44 4.674268 | .993074 291 47,235 747 
45 4.667342 | .992783 323 46,488 766 20.40 
46 4.660125 -992460 352 45,722 787 
“47 4.652585 .992108 391 44,935 809 
48 4.644693 | .991717 438 44,126 834 
49 4.636410 | .991279 498 43,292 860 


50 4.627689 | .990781 —1. 570 42,432 892 17.11 
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LOGARITHMS Differences PERSONS Average | 
Geant fo aga ae 
Of the Numbers| jility:at each | Logarithms of | Born, ana | gupy™ oy | Dome. 
Born, and Living) Age, of Living | the Probability | Living at Year of | tation) of 
at each Age. One Year. of Living. each Age. Age. Life. 
AL,,,—aL,|ap,—ap,,, Liha, 
Ages. a L, oe a ae L oe S E 
Ap, —A/A Ap, z D, x 
Bl 4.618470 | 990211 — 1. 651 | 41,540 925 
52 4.608681 | .989560 745 | 40,615 965 
53 4.598241 | 988815 851 | 39,650 1,008 
54 4.587056 | .987964 970 | 38,642 1,057 
55 4.575020 | 986994 1101 | 37,585 1,108 13.98 
56 4.562014 | .985893 1307 | 36,477 1,166 
57 4.547907 | 984586 1491 | 35,311 1,231 
58 4.532493 | .983095 1657 | 34,080 1,302 
59 4.515588 | .981438 1803 | 32,778 1,371 
60 4.497026 | 979635 1934 | 31,407 1,439 11.22 
61 4.476661 | 977701 2042 | 29,968 1,500 
62 4.454362 | 975659 2137 | 28,468 1,551 
63 4.430021 | .973522 _ 2215 | 26,917 1,592 
64 4.403543 | .971307 2275 | 25,395 1,619 
65 4.374850 | .969032 2323 | 23,706 1,632 9.03 
66 4.343882 | .966709 2330 | 22,074 1,629 
67 4.310591 | .964379 2337 | 20,445 1,610 
68 4.274970 | .962042 2345 | 18,835 1,576 
69 4.237012 | .959697 2351 | 17,259 1,530 
70 | 4.196709 | 957346 2360 | 15,729 1,471 7.36 
71 | 4.154055 | .954986 2367 | 14,258 1,404 
72 4.109041 | 952619 2414 | 12,854 1,328 
73 4.061660 | .950205 2828 | 11,526 1,249 
74 4.011865 | 947377 2988 | 10,277 1,173 
75 3.959242 | 944389 3157 9,104 1,094 | . 5.97 
76 3.903631 | 941232 3338 8,010 1,014 
77 3.844863 | .937894 3527 6,996 932 
78 3.782757 | 934367 3726 6,064 851 
79 3.717124 | 930641 3939 5,213 769 
80 3.647765 | .926702 4162 4,444 690 | 4.80 
81 | 8.574467 | .922540 4399 3,754 613 
82 3.497007 | .918141 4648 3,141 540 
83 3.415148 | 913493 4913 2,601 470 
84 3.328641 | .908580 5191 2,131 404 
85 8.237221 | 903389 5485 1,727 345 3.82 
86 3.140610 | .897904 5799 1,382 289 
87 3.038514 | .892105 6126 1,093 241 
88 2.930619 | .885979 6475 852 196 
89 2.816598 | .879504 6842 656 159 
90 2.696102 | .872662- 7231 497 127 3.02 
91 2.568764 | .865431 7641 370 98 
92 2.434195 | .857790 8076 272 76 
93 2.291985 | .849714 8534 196 57 
94 2.141699 | .841180 9019 139 43 
95 1.982879 | .832161 9530 96 31 
96 | 1.815040 | 822631 10072 65 22 
97 1.637671 | .812559 10644 43 15 
98 | 1.450230 | .801915 11248 28 10 
99 1252145 | .790667 11887 18 7 
100 1.042812 | .778780 12562 Sd 4.4 
101 0.821592 | .766218 13275 6.6 2.7 
102 0.587810 | .752943 14029 3.9 1.7 
103 0.340753 | .738914 14826 ee? 1.0 
104 0.079667 | .724088 —1. | 1.2 6 
105 1.803755 6 6 
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The leading features in the interpolated Life-Table for Prussia 
are two. 

Ist. Strict conformity at certain points to values calculated from 
actual data. 

2d. Regularity in the graduation. 

It will be observed that the logarithms of the proportions born alive 
and surviving ages 1, 3, 5, 14, 25, 35, 45, 55, 65, '75, and 85, as 
calculated from actual data, are identical with those in the interpolated 
table. More frequent coincidence would fail, for certain intervals of 
age, to secure the desired regularity. 

From these values we find, by inspection, that the logarithms of 
the reciprocals of the probabilities of surviving equal consecutive in- 
tervals of age diminish from birth, until they attain a minimum between 
ages 5 and 25 (near age 14), then gradually increase for subsequent 
intervals. 

In effecting the interpolation, we sought to arrive only at results 
that, coinciding at the ages above specified with those derived from 
the actual data, should represent the logarithms of the reciprocals of 
the probabilities of surviving consecutive annual intervals of age as 
diminishing from birth to a minimum at some point between ages 
5 and 25, then gradually increasing for subsequent intervals of age ; 
and that the differences between these logarithms should also advance 
without manifest irregularity, increasing from, at latest, age 25 to 
extreme old age. 

Two distinct functions of interpolation were employed. 

Ist. The exponential. 

For A L,, write ¢,. 


ee Ne 1 
bs = bat ($s — $a) Poo by 
in which ¢,, $5, @, are known values of the function ¢,, correspond- 
ing to ages a, b,andc. q is to be determined. If the terms be 
equidistant, that is, ifc —b = b—a, 
gat = eH 
ps eee. Pa 


Be ($5 — $.)* 4 Ge 
IG — aad — ole ee 


and 


If the terms be not equidistant, the determining of qg will involve 
the solution of quadratic or higher equations. 
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2d. The algebraic. 
ae iplote 2 righ 78 snipe 
o. = 7 a a a) QU, ; 


in which 
‘T,=«ex#—a.x—b.xr—c.x—d....., 


and 
II, II, 


II 
A = = 1: z ¢, = ——_ = nepe ees 
poli ea i z—b’ SonG see : 


Q may be zero, or an arbitrary constant real and finite, or a real 
function involving only integral powers of the variable, and which 
cannot cause the term (QII,) to become infinite or indeterminate for 
any value of the variable within the limits assigned for interpolation, 
or between those corresponding to the extreme given values of the 
function. . 

Wiinte 22% A, ¢ obviously becomes unity, and terms indepen- 

A dent of this factor vanish. 


a 


“ee 66 4 


d, Biss 13 13 6c 


Another convenient function for interpolation when three terms are 
given, but which was not employed in framing the present table, is 
the general parabolic. 


be = b+ (b— 0) (F—*); 


a 
in which 
db. — da 
q ee SS Be 
pa ty —- Dy 
wr f= 4 . 
b—a 


The exponential involves but three known values of the function. 

The number of known values that may enter into the interpolation 
by the algebraic is unlimited ; but, without care, the resulting series 
will often be quite eccentric. 

Given, logarithms of the proportions born alive, and surviving ages 
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1, 3, 5, 14, 25, 35, 45, 55, 65, 75, and 85; required (A L,) the 
logarithms of the proportions surviving each intermediate anniversary 
of birth. 


By the exponential formula values between ages 


n foe os were respectively interpolated from eh Se eee 
Gand ae known values of the function for 35, 45, and 55, 
45 and 58 ages | 45, 55, and 65. 
55 and 68 | " | 55, 65, and 75. 


Values from 78 to age 105, inclusive, were interpolated from known ° 
values of the function for ages 65, '75, and 85. 

By the above it appears that duplicate values were obtained at ages 
36 and 37, 46 and 47, 56 and 57. 

The results deduced from these interpolations conform strictly to the 
conditions imposed, except near the joining points of the several series, 
where appear irregularities in the first and second orders of differences. 
These manifest irregularities were then corrected for the several in- 
tervals, by adding to the result at each of the several ages the corre- 
sponding value of A,, derived from the simple algebraic function 


ex—a.x—b.x—c.x2—h 


oO: == 
SCn o$ ee ee 


z= 


fe ee 
*h—a.h—b.h—c.h—g’ 


In applying the correction to ages between 35 and 48, a, b,c, g, 
and h equalled respectively 35, 45, 55, 36, and 37. A, and Ay were 
the differences between the duplicate values for ages 36 and 37. 
The difference was positive when the one of the duplicate values 
first obtained was the greater. 

In correcting between ages 45 and 58, a, 0, c, g, and h equal re- 
spectively 45, 55, 65, 46, and 47, and A,, and A,, were the differences 
respectively between the A Ly, and ) L,; just corrected, and the corre- 
sponding results derived by the exponential formula from values for 
ages 45, 55, and 65. 

By a similar process the correction was made for values between 
ages 55 and 68. 

A slight irregularity still existing in the second differences (the 
first differences from the logarithms of the probability of living) near 
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the joining of the series about age 36, another correction was made to 
the values between ages 37 and 45, viz. : 


x—35.x21—36.2— 37 .2 — 45.27 — 46.2 — 47 


Biz k& z 
, * 24.96 34 36. 34 — 37, 24 4. 94 a 


The values for Ay, being the difference between the first of the 
duplicate ) Ly, and the corrected second of the duplicates. A, is 
additive, if the first of the duplicate values for A L,, is the greater. 

The values between ages 67 and 73, inclusive, were computed from 
the known values at ages 65, 66, 67, and 73, by assuming the third 
order of differences constant. 


A Lg = AX L,5;-+ 8A + 28 A, + 564. 

A and A, were derived from the original value for x L,;, and from 
the corrected values for \ Lg, and \ L,;. A 3 was then readily found, 
and consequently the values required between ages 67 and 73. A 
modification of the method here indicated might have been applied 
with advantage to the correction of irregularities near the points of 
junction in other parts of the table. 

From the given values of \ L, for ages 3, 5, 14, 25, 35, together 
with the values of A L, for ages 26 and 27, computed as above, the 
unknown values between ages 5 and 26 were interpolated by the 
algebraic formula ~ 


A, B; CE D, E.. 
AL, = $, = P37. T $5 + tug F $5 HP bas Fe 
G, 


The forms of the functions A, B, C, &c. have been previously given. 

From \ L,, \ L;, and A L; values were deduced by the exponential 
formula for A L, (= 4.887645) and A L, (= 4.854456). 

By the same formula, from A L;, ’ L;, and the computed value for 
 L, was deduced a duplicate value for , L, (= 4.853532). From 
comparison of the duplicate values for A Z,, giving to the former 
double weight, we obtain 4.854148. 

We remark that the desired regularity in the graduation, for the 
greater part of the table, was attained by making identical three or 
more consecutive values of adjoining series. 

It will be observed that the interpolated results represent mortality 

7 * 
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diminishing from birth, until attaining a minimum about age 12, then 
increasing gradually to age 105, the assumed terminating age of the 
table. Also, that the values in the column of differences headed 
—Adp; gradually increase through the greater part of the entire 
table, diminishing, however, between ages 17 and 22. A curve, to 
which the intervals of age and corresponding intensities of mortality 
are co-ordinates, will be concave downwards through the space where 
these differences diminish, if elsewhere concave upwards. The attain- 
ment of regularity at joining points in the order of differences next 
higher, was deemed unimportant. For the accuracy with which much 
of the arithmetical computation has been performed, in the preparation 
of this and certain other tables following, credit is due to Mr. Howard 
D. Marshall, of Boston.* 

Life-Tables, advancing, by regular gradations, from birth to extreme 
old age, and conforming strictly at convenient intervals to values de- 
rived from original data, are uncommon. 

The graduation of the older tables was very imperfect. The Car- 
lisle gives the annual rate of mortality at age 20 greater than at 23; 
at.31, greater than at 34; at 46 greater than at 51; at 88 greater than 
at 89 ; and at 91 the same as at 101. Mr. Milne’s excellent table for 
Sweden and Finland, (1801—5,) though less faulty, is still irregular ; 
so also those of De Parcieux, Kersseboom, Finlaison, and others. 

The valuable and elaborate English Life-Tables prepared by Dr. 
Farr, and published in the Reports of the Registrar-General (Eng- 
land), and also the one prepared by a committee of eminent actuaries 
to represent a law of mortality according to the combined experience 
of Insurance Companies, as published by Mr. Jenkin Jones, vary the 
results derived from actual data, to conform to assumed laws. The 
graduation of the Actuaries’ Table is unexceptionable ; that of the 
tables of Dr. Farr nearly so. 

The important tables presented by Mr. E. J. Farren, in his instruc- 
tive treatise entitled, ‘* Life Contingency Tables, Part I.” begin 
with age 21, and conform strictly at decennial points to values derived 
from actual data. The function of interpolation adopted by him was 
the Calculus of Finite Differences, so far as possible ; assuming, how- 
ever, the intensity of mortality to advance by a constant ratio, when, 
either from paucity of data or other sufficient cause, the Calculus of 


* Mr. Marshall has deceased since this paper was prepared, and in press. 
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Finite Differences was inapplicable. The results attained are entire- 
ly regular. 

Many writers on this subject have felt it desirable that some 
simple generic law be discovered, which, by suitable changes in the 
constants, will approximate the specific laws of human mortality indi- 
cated by known tables. Among the more philosophical conceptions 
is the one of Mr. Gompertz (Philosophical Transactions, 1825), that 
for the greater part of life man momentarily loses ‘* equal proportions 
of his remaining power to oppose destruction”; and consequently, 
that the intensity of mortality increases with advancing age by a con- 
stant ratio. Mr. Edmonds would have ‘ the force of mortality at all 
ages”’ ‘expressible by the terms of three geometric series, so con- 
nected that the last term of one series is the first of the succeeding 
series.” Dr. Farr recognized the principle in framing his English 
Tables for 1841; treating “the two series of numbers representing 
the mortality from 15 to 55, and from 55 to 95, as geometrical pro- 
gressions. ‘The ratios were derived from a comparison of the increase 
in the mortality at 15 -20, 25-30, 35-40, &c.; and the increase at 
20 —25, 30 — 35, 40-45, &c.; and the first terms were derived from 
these ratios, and the sums of the series which they formed.” 

Mr. Orechard’s method, as described by Mr. Gray in the Assurance 
Magazine, (London,) for July, 1856, was the adoption of ‘ two con- 
secutive series, having constant second differences,” to represent the 
proportions living from age 20 to 80 and from 80 to 96, the ter- 
minating age of his table. He wished “to find a simple algebraical 
relation which should passably well represent some of our best tables.” 
The advantage claimed for a table so constituted “ is, that it admits, 
by the application of simple analytical processes, of the independent 
formation of any of the values which ordinarily require the aid of a 
formidable array of the results of previous computation.” The same 
paper gives a single algebraical function of the second degree pro- 
posed by Mr. Babbage, which is said to represent, nearly, the Swedish 
Table of Mortality. 

Other methods have been proposed by mathematicians of estab- 
lished reputation.* 


* A valuable contribution to this department of the science of Vital Statistics 
was read before the American Association, at its late mecting, by President McCay 
of South Carolina. 
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B. Discussion or Certain Meruops FOR CONVERTING Ratio or DEATHS 
TO POPULATION, WITHIN GIVEN INTERVALS OF AGE, INTO LOGARITHMS OF 
THE PROBABILITY THAT ONE LIVING AT THE EARLIER AGE WILL ATTAIN 
Tun LATER. WiTH ILLUSTRATIONS FROM ENGLISH AND PRUSSIAN DATA. 


In the paper immediately preceding, a method has been indicated 
for the conversion of mortality into probability of living from a com- 
parison of three consecutive ratios, one preceding and another follow- 
ing the specified interval. In the present paper the results so derived 
will be compared with others obtained from a single ratio. 

Let m (identical with M in the preceding paper) represent the rate 


of annual mortality for any interval of age, or the ratio (=) of the 


number annually dying to the number living in the community within 
that interval of age. 


ajb 


If the population be stationary, m,,, (which equals =i" the rate of 
b 


annual mortality for the interval between ages a and b, will equal 
L.—L, f.—dL, 
Sil, de fi L,de 
If also the deaths be supposed uniformly distributed throughout the 
interval of age, i.e. —dL,, constant, the numerator ( f inst i.) 
will represent the sum of a series of constants, and the dSionthaes 
( f ‘Ly, ax) the sum of a series of values progressing by a common 


difference ; hence the value of the fraction will be independent of the 
extent of the interval, and will vary only with the mean age. 


b+a : 
If for Es , the mean age, we substitute z, and assume for k 


any arbitrary value, m>—=,z7; will be constant for all values of the 
arbitrary, provided 2k does not exceed (b — a) the limits of age 
within which the uniformity of distribution was assumed. 


It will follow that eae the value of the probability that one living 
lz+k 


at the earlier age, z — k, will attain the later, z + k, expressed in 
terms of the known annual rate of mortality (m,,,), and of the arbi- 
trary (4), is 

1—k Mays 

LEE me, 
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Hence the probability of surviving the entire period (b —a) is 


and the probability of surviving the middle year of the period is 
1— z Mays 
1 +h Pa Mays 
Again, if the population be stationary, m,,zcaz . dx (for which put 
Max - 4x), the intensity of mortality at age x, or the rate of momen- 
tary mortality at that age, will equal 
we Eby 
. =—darL,= —A 


Lsxas 


— Ea A Berea 
es s 


(for which put — A p,,), the Napierian logarithm, with the algebraic 
sign changed, of the probability of surviving a moment of time from 
age @. 
5 
Hence f m,, dx, the integral within the limits of the ages a and 
b of the intensity of mortality, will equal —2 p,,,, the Napierian log- 


arithm, with its sign changed, of the probability that one living at the 
earlier age (a) will attain the later (0). 


; i ; 1 
“A rate of mortality” “ derived from the integration peg: WP 


has been happily styled the “‘ integral rate of mortality.” * 

Assuming deaths uniformly distributed, m,. becomes equal to m,,33 
that is, the rate of annual mortality at the mean age equals the rate of 
annual mortality for the entire interval; consequently 


—A paz = May « @ % 5 


that is, the Napierian logarithm, with its sign changed, of the proba- 
bility of surviving a moment of time at the middle of the specified 
interval, equals the rate of annual mortality for the interval, multiplied 
by the differential of the mean age. 


* Life Contingency Tables, Part I., by E. J. Farren. In the same connection is 
stated the important proposition, that ‘“‘ whatever progression prevails among the 
integral rates of mortality at different ages, the same progression will be found 
to prevail among the logarithms of the probabilities of living, and vice versa.” 
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The intensity of mortality at age z (when deaths are uniformly dis- 
tributed) being the middle term ) of a series of reciprocals 


of an arithmetical progression, is less by a small proportion than the 
average value of the terms constituting the series ; hence (m,,,) the 
rate of annual mortality for the interval of age 6 — a is somewhat 


b 
less (in the case of such uniform distribution) than ( f Maz. @ 2) 


the integral rate of mortality for the interval, or than its equivalent 
(—) p.»), the Napierian logarithm, with the sign changed, of the 


probability that one living at the earlier age (a) will attain the later 
age (b). 

To convert the Napierian to the common logarithm, we multiply by 
p. (= .4842945), the modulus of the common system. 


PRUSSIA. 1839, ’40, ’41. 


TABLE COMPARING LOGARITHMS OF PROBABILITIES OF SURVIVING, COMPUT- 
ED BY DIFFERENT METHODS. 


Eady Common Logarithm, with changed Sign, of the Probability that one liy- 
Population. ing at the Earlier Age in each Interval will attain the Later. 
MOorRTALITY. | INTEGRAL. APPROXIMATE. 

| 
—2 le pe 
ae! cial | At G 
m from three ee ee —(b—a)a m| — (b—a)u.m 
consecutive l+m Me 
Ages Ratios. 2 2 
2 A B C D we’ 
O- 5 | .0802288 | .157112* .176598 174297 -174204 
5-— 7 | .0152056 | .013155 .013208 .013208 .013208 
7-14 | 0077790 | .028557 023655 .023649 023649 
14-20 | .0062978 | .016416 016413 016411 016411 
20-25 | .0089397 | .019425 019416 019412 .019412 
25-30 | .0096939 | .021058 .021054 .021050 021050 
80-35 | .0108317 | .023537 .023527 023521 -023521 
35-40 | .0131780 | 028637 .028626 .028616 .028616 
40-45 | 0144675 | 031449 .031430 031416 031416 
45-55 | .0210345 | 092322 .091691 091355 091352 
55-60 | .0357042 | .077981 .077738 .077539 077531 
60-65 | .0557995 | .122189 -121962 121199 -121167 
65-75 | .0909134 | .415608 425992 -395105 394832 
75-85 | 1515098 | .722021 -860283 659260 657999 
85 and 
upw'ds¢) 2661784 1.162896 1.155998 | 


* This value was calculated by a process described in the preceding paper, from 
population under age 5; from deaths for the intervals of age 0-1, 1-3, and 3-5; 
and from the rate of annual increase of births estimated from registered births for 
the six years 1836-41. 
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ENGLAND AND WALES. 


TABLE COMPARING LOGARITHIMS OF PROBABILITIES OF SURVIVING, COM- 


PUTED BY DIFFERENT METHODS. 


Deaths (Seven Years) 1838 - 44. 
Population computed to Middle of 1841. 


Ratio of 
Deaths to 
Population. 
\ Morratirty. 
| ee 
m 
Ages 
a, b. 
A 
pic Vi 1792379 
l—- 2) .0654971 
2- 8) .0351076 


3- 4) 0250056 
4=- 5 0184203 
5 - 10) 0091272 
10 - 15) .0052572 
15 — 25) .0081967 
25 — 35) 0098929 


35 — 45) .0124582 


45 — 55) .0165886 
55 — 65| .0295429 
: 65 - 75) .0622301 
75 — 85) 1374474 
85 — 95) .2842092 


95 — +-| 4146003 


Ninth Rep. Reg.-Gen., pp. 176, 177. 


Common Logarithm, with changed Sign, of the Probability that one living 


at the Earlier Age in each Interval will attain the Later. 
INTEGRAL. APPROXIMATE. 
— t—n — += + 
alues. M a 
each from| the [4 Ee (ba) mal 7 Oa) fe + 
two con- | Duplicate 1+ m—— 5 ees 
secutive | Values. 2 2 
Ratios. 
B c D - B 
| * oi SS el eae aaa 
077265 | .073073 .078052 .078052 .077842 
.028133 
(028379 .028256 .028455 .028455 .028445 
.015206 
015235 .015220 -015249 .015249 .015247 
.010850 
‘010854 .010852 .010860 .010860 .010860 
-007995 
007998 .007997 -008000 .008000 .008000 
.019686 
019789 .019738 .019823 .019820 .019819 
.011397 
011425 011411 011417 011416 011416 
.035723 “ 
035643 .035683 035618 .035598 035598 
043035 | 43039 | .042999 042966 042964 
.043045 | * ‘ : d 
.054239 
(054261 .054250 .054176 054105 .054105 
.072341 
072636 .072489 .072209 .072044 .072043 
-130216 : 
130452 -180334 .129249 .128313 .128303 
.283777 
278012 -280895 .279528 -270349 .270262 
.718169 
649789 683979 -731961 597869 596926 
anes 1.242716 1.234305 
1.827064 1.800586 


* This value was derived from the registered births for the eleven years 1839 - 49, 
and from the registered deaths under one year of age for the ten years 1840-49. 
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In each of the preceding Tables, column A gives rates of annual 
morTA.ity for the several specified intervals of age, or ratios of the 
average numbers annually dying in the community within the speci- 
fied intervals to the numbers living within the same intervals, estimated 
with reference to the middle of the year or period in which the deaths 
occurred. 

Column B with changed signs gives the common logarithms of the 
probabilities of surviving the specified intervals, each computed from 
THREE consecutive ratios in the column of mortality by a process de- 
scribed in the preceding paper. These values, which we designate 
integral values, may be assumed without appreciable error to represent 
truly the results demanded by actual data, and with them may be com- 
pared approximate values obtained by simpler processes. 

The approximate values in the columns C, D, and E were each 
derived from sINGLE ratios in A. 

The values in C were each obtained by first multiplying (m) the 
=) half the number of years in the 
interval of age; then finding the logarithm, with changed sign, of 
the quotient of unity less this product divided by unity plus this 


annual rate of mortality by ( 


product. 

The values in D were each found by multiplying the number of 
years in the respective interval by the logarithm, with changed sign, 
of the quotient of unity less half the rate of mortality divided by unity 
plus half the rate. 

The values in E were each found by multiplying the mortality by 
.4342945 (), the modulus of the common system of logarithms, and 
by (b — a) the number of years in the respective interval of age. 

Whenever the decrements in the Life-Table resulting from the origi- 
nal data are constant, the corresponding result in C represents the 
logarithm, with changed sign, of the probability of surviving the entire 
interval ; that in D represents the product of (6 — a) the number of 
years in the interval, multiplied by the logarithm, with changed sign, of 
the probability of surviving the middle year of the interval; and that 


in E the product of (e=—*) the number of equal moments in the in- 


terval, multiplied by the logarithm, with changed sign, of the proba- 
bility of surviving a moment of time at the middle of the interval. 
Whenever the decrements in the Life-Table are increasing, the above 
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results are each Jess than the respective logarithm ; and when de- 
creasing, greater. 

The results in E should in all cases be somewhat less than those in 
D, aithough generally the approximation is so close that values in E 
may without appreciable error be substituted for those in C. 

The results in D are likewise less than corresponding ones in C. 

The results in C are less than the integral values in B, whenever 
the decrements between the proportions surviving at equidistant ages 
in the Life-Table, derived from actual data, form a series increasing 
with the age ; they are equal to them, when the series is uniform, and 
greater than truth when the series diminishes. By reference to the 
Prussian Table interpolated for annual intervals, we observe that the 
decrements diminish from birth to age 18; increase thence to age 65; 
and again diminish to the age terminating the Table. 

The process for deducing values in D is identical with that adopted 
by Dr. Farr,* in briefly calculating approximate Life-Tables. After 
determining from values so obtained the proportions of the living at 
certain ages, he assumed that the proportions within the several inter- 
vals were series in arithmetical progression.t It is not unusual, in 
framing Life-Tables from population and mortality statistics, to let 
1—im 
rorya 


interval, then, assuming some law of relation, to determine values 


equal the probability of surviving the middle year of a given 


for intermediate ages. Results so deduced will commonly represent 
the probability of living for a large part of life somewhat greater 
than truth demands. 


€. Process FOR DEDUCING ACCURATE AVERAGE Duration oF LIFE, 
Present VALUE OF LiFE-ANNUITIES, AND OTHER USEFUL TABLES IN- 
vyotvinc lLire-ConTINGENCIES, FROM RetuRNS OF POPULATION AND 
DEATHS, WITHOUT THE INTERVENTION OF A GENERAL INTERPOLATION. 


The logarithms of the proportions surviving at certain ages (A L,) 
are obtained, by successively adding to the logarithm of a number as- 


* To this distinguished writer the science of vital statistics is largely indebted 
for valuable, extensive, and varied contributions. 
+ Fifth Report Reg.-Gen. Eng., p. 362. 


8 
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sumed living at birth, or other specified age, the logarithms of the 
probabilities of surviving subsequent intervals. Processes for accu- 
rately and for approximately determining the logarithms of the prob- 
abilities of surviving have been indicated in the previous papers. 
Average future duration (or expectation) of life (E,) expressed in 
years for any age (w) may be obtained by multiplying by the differ- 
ential of the age (dz) the integral of the proportions surviving within 


105 
L,), 


and dividing the product by the proportions living at the given age. 
That is, 


x 


the limits of the given age and of the greatest tabular age ( Sf. 


Ri dof. L, 
L, 
in which 105 is assumed the greatest tabular age. 

A close approximation to this value may be found by dividing 
(OP Le = Le + Ly, + .... Lys) the sum of the proportions liv- 
ing at the given age and at each subsequent anniversary by (L,) the 
proportions living at the given age, and from the quotient deducting 
the half of unity ; that is, 


’ 


ph 
L, 


Fs — 3, nearly. 

The latter is the more common process. 

The formula expressing the value of a life-annuity, or the present 
value of one dollar payable at the end of each year during the re- 
mainder of the life of the annuitant after attaining a given age, is 

Ls} vU ob Dy +2 v + ae . Dies pred ed pl 


’ 


in which v is the present value of one dollar due one year hence at 
a given rate of interest. 

This expression may readily be converted into the well-known 
symmetrical form 


digas yet oe Lisag * ns . Sivas vl 
Lev" ; , 


which equals 


Lg 2 Deyo? t+ DL, 4907 t? + pela Lio; vl 
L, v* 
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106 x 
= Le" Lev ae 
L, v*® 
Given (L,, L,, L;, &c.) the proportions born, and surviving ages 
1, 3, 5, 14, 25, 35, 45, 55, 65, '75, and 85, according to the law of 
mortality prevailing in Prussia; required corresponding average future 
duration of life, life-annuities, and premiums annual and single. 


105 106 

In order to determine values for S. L,, and >a L,v", some law 
of relation must be supposed to exist between the known values of 
each of the functions ZL, and L,v*; and this law obviously should 
represent numbers diminishing with advancing age. 

The law may either be expressed by a single formula (as, for in- 
stance, the algebraic of the eleventh order), or by a series of distinct 
formule. In consequence of the very great arithmetical labor in- 
volved in its practical application, it will not often be thought desirable 
to adopt a single formula. 

When the known values are equidistant, n being the number of 
years in each interval, let 


a Dy + Lean + Leson fevees 


and 
S, =) Ly 0? Hy Deg 07% HS Dag gO ct eG 
then will 
ues oy 
and 


px Er fo = hag A . 

Formulz which express laws of relation supposed to exist between 
four given values we style four-point formule; and so for any other 
number of given values. 

The solution of the four-point algebraic equation 


X=at+Ppr+ye?+ 82’, 
in which a, f, y, 8 are unknown, and independent of the variable (2), 
may assume several forms; one of the more convenient of which 
for our present purpose is 


gre? 

gu € eu} 44a-=¢ 
xX=B + C +e—b.x—ce ’ 

Rie. 6.8 big EES 

nit ye 


in which 
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gu [Oak Baap 1 
c—b b—a)c—a 
ye be fate laa 1 
d—c c—b5Sd—b 
and A, a, B, b, C, c, D,d, are known corresponding values of the 
co-ordinates X, 2. 


Then will 
Pe maa! Blah 
PF yg . wie & 
. 3 a—ib+e 
“ : 
Bo a—d 
b 
{C+ B+ H; 
in which H is substituted for 
,d—tb—c 
_e—b Oa d-—<4 
3 a—ib—c 
2 2 
+ % a d 
Also, 
ca 2+ eee —,)H}. 


If the terms be equidistant, that is, if 


d—c=c—b=b—a, 


H becomes 
C+B—D+A 
12 ; 
Then 
‘“, c—b C+B—D+A 
of X= lo B4-t= . 
and 


osP4 wi ze sMorns tPF.) 


The three-point exponential formula 


A=a + B y 5) 
a, 8, and y being unknown, and independent of the variable «, may 
take the form 
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X= A+(B—A) So; 
in which 
qg-*—1 C—A 
g--—1 B—A’ 


whence may be determined the value of q. 


b 
1 
def X=— 
a Q B=—A 
B—A b q+1 sadiiacclagbia [4— ans | 
os ine ae 1 
1 
dx == 
C—B faire : B+ ib ja— | 
—= c ges q — 
yp. nage | eda Ry 


Q is the Napierian logarithm of q. 
When the terms are equidistant, i.e. c— b= b — a, 


= C= Ry 
q= Bow A ? 
1 b—a.p. 
Grreay® 
B—A 
and 
BA \ mee y 


git—) C+ Ba BA’ 
p is (.4842945) the modulus of the common system of logarithms. 
When the terms are not equidistant, the application of the expo- 
nential function involves the resolution of equations of higher than the 
first degree. 
The three-point parabolic formula 


X=a+8 («—a)’ 


may become 


X= A+ (B—A) (§—)', 


b—a 
in which 
C—A.c—a 
q+1= oS vies 
af 
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Sigh 
b—a. =F 
and 


cmt). 0 — Ay bea Bae 
dxf" X=c—bA+' fe ret ee 
The finite integral of (w — a)? advances in the form of a series, no 
application of which has been made in the illustrations which follow. 
Of the functions above enumerated, the algebraic will commonly 
prove the most simple in practice, but will not in all cases satisfy 


the conditions required. When assumed to express the law of relation 
between certain known values of the function Z, or L,v, a portion 
of the resulting series of numbers between the known values may 
increase with advancing age, rather than diminish. 

The values between B and C, derived from the algebraic formula 
assigning a law of relation between the four known values A, B, 
C, and D, lie between corresponding duplicate values derived from 
two algebraic formule, one a function of the three known values 
A, B, and C, and the other of the three values B, C,and D. When 
the relations of the known values to each other are such that the 
series resulting from each of the latter formule diminish continuously 
with advancing age from A to C and from B to D respectively, then 
that portion between B and C of the single algebraic series con- 
necting the four values A, B, C, and D must diminish continuously. 

The series of values resulting from the algebraic formula assigning 
a law of relation between the three known values A, B, and C will 

B B—C 


‘ mare A — 
continuously diminish from A to C only when = and = 


me A — ; 
are each positive and greater than ~——, ; or, if the three terms 
C—€& 


aa the value of the ratio of the first 
differences is between } and 3, and the differences themselves nega- 
tive. Similar relations obviously obtain when the three known values 
are B, C, and D. 

Applying this test to the Prussian Life-Table, we first find that the 
algebraic function assigning a law of relation between the three known 


be equidistant, only when & = 


values does not completely satisfy the conditions for the proportions 
surviving ages 0, 1,3; 3,5, 14; 75, 85,95; and 85, 95, 105; that 
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is, for the extremes of the table, the values there rapidly diminishing ; 
and also for ages 3, 5, and 14, where there is a great disparity in the 
length of the intervals of age. It will hereafter appear that eccen- 
tricities at the older ages may be disregarded in constructing tables 
of future duration of life, and of life-annuities, without materially 
affecting the correctness of the results for earlier ages. 


TABLE I. 


AVERAGE Future Duration or Lire 1n Prussia: 
Algebraic Integration. 


Sum of (Lz) 
the Propor- g | 
tions Living verage | 
.->| Aggregate Number of Future Years 
Proportions Born, and r she oe that (L,) the Proportions ineaian GF | 
Living at Specified Ages as an surviving Specified Ages will live. Life, = | 
in i as ba pera by | quent Ages 
the Inte; ethod, ‘ | 
from en Consecutive | *P eeries, 
Ratios of Deaths to | 
Population. LietLys0 16 Sn HiSnas20 "e ee | 
Y fH 
+ Ly ,09/ 5 4 Set So410— Set Sao a 7 
p a 12 
ae ee ala = pl 
| ae ee ie S, ap De E. 
5|69,916 5 |69,916 |364,916 ; 
14/64,249 | 15 |63,748 |295,000 2,626,778 41.21 
25/59,159 | 25 [59,159 |231,252 2,012,408 34.02 
35/53,386 | 35 |53,386 172,093 1,448,721 27.14 
45:46,488 | 45 |46,488 118,707 948,047 ; 20.39 
55187,585 | 55 (37,585 72,219 524,773 13.96 
65|23,706 | 65 |23,706 34,634 215,941 9.11 
75| 9,104.2) 75 | 9,104.2 | 10,927.6 54,597 6.00 
85] 1,726.7| 85 | 1,726.7 1,823.4 5,847 3.39 
95 96.1 96.7 — 232 
105 64 .64 


In the preceding table the first of the columns headed L, gives the 
proportions surviving certain ages according to the law of mortality 
prevailing in Prussia; the probability of surviving each of the several 
intervals being calculated from three consecutive ratios of deaths to 
populations. In the second of the columns headed L, the values for 
ages 95 and 105 vere computed from the logarithms of the propor- 
tions surviving ages 65, 75, and 85, by the exponential formula 
which expresses the value of the required logarithms in terms of the 
age, and of the three given logarithms. The number surviving age 
15 (63,748) was obtained by assuming an algebraic law of relation 
for the proportions surviving the four ages 5, 14, 25, and 35. 
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The next column (S,) gives the sum of the proportions surviving 
the given age and all subsequent specified ages. 


105 
The values in column headed dz f. L, gve the aggregate 


number of future years of life that the proportions surviving given 
ages will enjoy, according to the prevailing law of mortality, and 
were each computed from four equidistant values in = preceding 
column (S,), by means of the formula 


def L.= 248,48, 4 Ee ae as 


The values thus obtained, divided by the corresponding proportions 
living, give the average future duration of life. 

We have already called attention to the unsatisfactory nature of 
the values resulting from the use of the algebraic formula when the 
given numbers rapidly diminish, as in the Life-Table after about 
age 75. 


Table II. will compare corresponding results obtained by different 
formulee and processes. 

In the third column of Table II. the integrations were effected 
by the exponential formula when the three given values involved in 
the equation were equidistant; when not equidistant, the parabolic 
formula was adopted. 

The parabolic and the exponential formule each afford results that 
constantly diminish with advancing age. 

The process of integration by the algebraic formula involving four 
known values is the simplest, and between ages 15 to 75 is entirely 
satisfactory ; from 5 to 15, and from '75 upwards, the values afforded 
are not so reliable ; and from 95 to 105, duration of life is represented 
as negative. 


In Table IV. we observe that the first three columns of average 
future duration of life present results, for the larger part of life, 
almost identical. 

Values by the algebraic formula slightly exceed those of the 
following column, calculated by a combination of parabolic, expo- 
nential, and algebraic formule. The excess at specified ages from 
15 to 55 inclusive is only the one-hundredth part (.01) of a year, or 
about four days. 
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TABLE IL. 


CoMPARISON OF Temporary AGGREGATE Fururr Duration or LIFE, 
CALCULATED BY DIFFERENT METHODS, FROM THE PROPORTIONS SURVIVING 
ACCORDING TO THE PRuSSIAN Lire-TABLE. 


Proportions The Aggregate Number of Years of Life which the Proportions 
fx Born alive, | Surviving at the Commencement of certain Intervals of Age will enjoy | 
ses. land Surviving during each Interval. 
certain Ages. : 
| ern Aas 
—L 
r+ x 
CE igi 7 ces Seake fig ete 
= zn 2 
Parabolic and Exponential : 
Algebraic By Annual | Equidifferent 
Trasitioated. Mean: Formula. | Interpolation.| Method. 
0 | 100,389 97,827% ‘| 91,665 91,665 | 
HK / 
1 | 82,941 iene 155,494 | 156,578 | 
SE Rh ere toe 142,792 | 143,251 | 143,553 
? 
aK 
5 | 69,916 rekgr 665,602 | 656,124 | 661,937 | 668,320 
15 | 63,748 epepee 614,407 | 614,370 | 616,016 | 614,535 
, 
25 | 59,159 nee 563,653 | 563,687 | 563,655 | 562,725 
35 | 53,386 | 500.398 500,614 | 500,674 | 500,322 | 499,370 | 
45 | 46,488 popes 422,952 | 493,974 | 422,990 | 490,365 | 
55 | 37,505 | 912,573 ' 309,273. | 308,830 | 311,376 | 306,455 
’ } 
65 | 23,706 ears 160,203 | 161,341 | 159,662 | 164,050 
75 9,104 | 49,092 ' 47,601 | 48,750 | 47,769 | 54,155 | 
85 1,727 a 6,412 6,081 6,368 9,115 | 
> | 
95 96 oe ' 247 |— 194 228 485 
| 105 1 | 
| 115 0 


| 


A comparison of the results in the third column of Table IV. with 
those arrived at by a general interpolation and direct summation of 
the proportions surviving each anniversary of birth, exhibits a differ- 


* These four values were calculated by the parabolic formula; the other values 
in the column by the exponential. 
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ence at specified ages from birth to age 85 inclusive, that in but one 
case (at age 65) exceeds three one-hundredth parts (.03) of one year, 
or about eleven days. 

The former results are deemed in every respect as satisfactory as 
the latter. 

We observe that results by the equidifferent method compared with 
approved results, from birth to age 45 inclusive, are usually about 
one tenth of a year in excess ; and that for ages above 45 the excess 
is much greater. 


TABLE II. 
Future DuRATION oF LIFE IN PRUSSIA. 


The Temporary Future Duration of Life for the Proportions Surviving, was computed by 
the Parabolic Formula from Birth to Age 1; Exponential, from 1 to 3 and 8 to5; 
Mean of Parabolic and Exponential, from 5 to 15; Algebraic, from 15 to 75; and 
Mean of Exponential Duplicates, from 75 to 105. 


Ages. "Duration of Life. Duration of Life. Fate et 
zx da f?t" T, dx f* L, sat DS ce 
2 

0 87,827 3,678,033 36.64 

1 155,176 3,590,206 43.29 

3 142,992 3,435,030 46.66 

5 665,602 3,292,038 47.09 

15 614,370 2,626,436 41.20 

25 563,687 2,012,066 34.01 

35 500,674 1,448,379 27.13 

45 423,274 947,705 20.39 

BB 308,830 524,431 13.95 

65 161,341 215,601 9.09 
75 47,601 54,260 5.96 

85 6,412 6,659 "8.85 

95 247 247 2.57 
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TABLE IV. 
Comparison oF AVERAGE Furure Duration oF Lire. 
Computed, by different Processes, from the Prussian Life- Table. 


mepotuales 9-1). Assuming Za 
xponenti and 3- 
"een anedeate Moan of Parabolieand Brgooentinl ,5-15; Bia anne Interval o advance) 
Taic = ee 
— Mean ofBagenaiiel *Duplicates,75 - 105. 7 po eon 
0 36.64 36.66 86.77 
1 43.29 43.27 43.40 
3 46.66 46.63 46.76 
5 47.09 47.06 47.19 
15 41.21 41.20 41.17 41.28 
ft. -25 34.02 34.01 34.02 34.09 
| 85 27.14 27.18 27.14 27.24 
45 20.39 20.39 20.40 20.53 
55 13.96 13.95 138.98 14.21 
65 9.11 9.09 9.03 9.61 
75 6.00 5.96 5.97 7.00 
85 3.39 3.85 3.82 5.55 
95 2.57 2.37 5.05 
TABLE V. 


VALUE, AT CERTAIN AGES, OF ONE DOLLAR TO BE PAID AT THE END oF 
EACH YEAR DURING THE REMAINDER OF LIFE, ACCORDING TO THE PRUS- 
SIAN Lire-T'ABLE, WITH PROCESS FOR DETERMINING. 


Interest of Money, Four per Cent. Algebraic Finite Integration. 


a) D+ Lo Hho 108 Fy 
BAGra)| Tyg tine [Ett Sem bat 
1.04 pees PEE L'., 
x EF SI typ 2 Li, aps Se 7 Life-Annuity. 
i i 2 * is 4 per Cent. ; 
5 | 57,466 143,287 
15 | 35,397 85,821 666,675 18.33 
25 | 22,199 50,424 384,260 16.82 
35 | 13,529 28,232 208,804 14.93 | 
| 45 7,959 14,703 103,448 12.50 | 
| 55 | 4,847 6,744 43,186 944 | 
| 65 | 1,852 2,397 13,115 6.58 | 
75 481 545 2,306 429 | 
85 61.6 63.9 133.6 167. | 
a) 2.3 2.3 a5 ERS | 
105 Ol Ol | 


H= Ss + So410— Sr — Sea. 


rs 


96 
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In Table V. we observe that the ratios of the first differences of the 


he og 
values (L, (a) ) in the second column, for ages 65 and over, are 


not within the required limits, 4 and 3, and, consequently, that the 
values of the annuity resulting from integration by the algebraic for- 


mule are to an extent unsatisfactory. 
Had the integration of S’, for the older ages been effected by the 
exponential formula, the following would have resulted. 


L, ZN cy 
pay “Os ag > S!y 


Duplicates. Mean. 


43,539.1 


; 42 erst eas 
| uae 13,065 
| goers 2,403 
eat 210.8 


5, Bs 
ct 


9.42 


6.55 


4.50 


« 2.92 


In Table VI. the values in the third column corresponding to inter- 
vals between ages 65 and 95 are arithmetical means of dupli- 
cate values resulting from finite integration of L’, by the exponential 


formula. 
tained. 


Duplicate Values and Mean. 


Ages. Duplicates. 
on 10,990.8 
10,356.0 
de 2,312.6 
2,076.1 
85 229.4 } 
183.0 
Single Value. 


95 


6.3 


The value opposite age 95 is a single value similarly ob- 


Mean. 


10,673 


2,194 


206.2 


6.3 
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In the same column (the third) the value of the summation from 5 
to 15 (455,694) is the arithmetical mean of a result (456,371) derived 
by integration from the parabolic formula involving values in the 
preceding column for ages 3, 5, and 15, and of another (455,017) 
obtained by finite integration from the exponential formula involving 
values for ages 5, 15, and 25. 

The remaining values in that column were obtained by the finite 
integration of a series of distinct algebraic formule, each involving 


: BY 
four given values of L, (=a) ‘ 


When the terms in the second column (L’,) are equidistant, and 
the intervals unity, 1 — sey | in the expression for the finite 
integral of the algebraic formula becomes zero, and the correspond- 
ing values in column third become cat ‘ 

In the second’ column (L, v* and L,v*) values for ages 2 and 4 were 
interpolated by means of the exponential formula involving values for 
ages 1, 3, and 5. 

The value of the life-annuity (@,) at each of the specified ages was 
obtained by dividing the corresponding value in the fourth column by 
that in the second, and from the quotient deducting five tenths of 
unity. 

We observe that annuities from age 15 to 45 inclusive, according 
to Table V., and for subsequent specified ages according to the 
modification of that table by the exponential formula, are essentially 
identical with values in Table VI. at corresponding ages. 

Our L’, (constructed according to Barrett’s method) corresponds to 
the D, of Mr. Griffith Davies and later writers. Our oe thy L', (or 
ye" S’,) is the N, employed by Dr. Farr and Mr. Gray, and the 
N,_, of Mr, Davies, adopted by Mr. David Jones, Mr. Jenkin Jones, 
Professor De Morgan, and others. 

Unaugmented annual and single premiums to insure $ 100, payable 
at the end of the year of decease, may be computed by the formule 
commonly employed, and heading the respective columns, or be taken 
directly from Mr. Orchard’s very useful tables of ‘* Assurance Pre- 
miums.” 


9 
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TABLE VI. 


Lire-ANNUITY, WITH TABLES PREPARATORY ; ALSO TaBites or UNAUG- 
MENTED ANNUAL AND SINGLE PREMIUMS TO INSURE $100, PAYABLE AT 
THE END OF THE YEAR IN WHICH LIFE SHALL TERMINATE. 


Interest of Money, Four per Cent per Annum. Integration by different Formule. 


Premiums 
Life Annuities, | Unaugmented. 
7. Mer ab. ee ee 
Q Annual. | Single. ° 
# Mibthn ita Fe 
1 \2 ey 8 a Yt S 
ase. |Le(To)| = Ss fale dd 
3 + ~ a + lt = 
8 3 4 il | a 
5 w g iQ 3 | 4g 
ll + rhe “+ | | 
+ ay Jon — So 
x LT, zi a, ° ° 
Q | S S 
0 | 100,389 90,070 1,478,812 14.23 .2.72 | 41.42 
1 79,751 75,565 1,388,743 16.91 1.74 | 81.12 
2 71,380 68,422 1,313,178 17.90 1.45 27.31 
3 65,463 63,236 1,244,746 18.51 1.28 | 24.96 
4 61,010 59,238 1,181,520 18.87 1.19 23.58 
5 57,466 455,694 1,122,282 19.03 1.15 22.96 
15 | 85,897 282,414 666,588 18.33 1.33 25.65 
25 22,192 175,456 884,174 16.82 1.77 31.46 
35 13,529 105,356 208,718 14.93 2.43 38.73 
45 7,959 60,261 103,862 12.49 3.57 48.12 
55 4,347 30,021 43,101 9.42 5.75 | 59.92 
65 1,852 10,673 13,080 6.56 9.38 | 70.92 
75 481 2,194 2,407 4.50 14.34 78.85 
85 61.6 206.2 212.5 2.95 21.47 84.81 
95 2.3 6.3 6.3 
105 O01 


Methods for determining from the above data the values of other 
single life benefits, whether uniform, increasing, or decreasing, either 
for the entire period of life or for limited portions, may readily be 
devised. 

So also methods analogous to those employed in framing the pre- 
ceding tables may, with advantage, be adopted in constructing tables 
that shall afford facilities for the ready solution of questions involving 
two or more life contingencies. 

We now wish rules for determining, by brief processes, values in- 
termediate between those already obtained. 

Either of the formule already given may be resorted to ; of which 
the following is the simplest. 
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x—b.xr—ec 


a—b.a—c 

e—a.ux—c 

b—a.b—c 

t—a.2r—b_ 

c—a.c—b’ 

A, a, B,b, and C,¢ being known corresponding values of the co- 
ordinates X and x. 

The algebraic formula involving four given values will commonly 
afford results of a nature entirely satisfactory within the usual limits 
of inquiry. 

Given, A, a, B, b, C, c, and D, d, corresponding known values of 
X, x; required values intermediate between B and C. If the given 
terms be equidistant, and 

n=d—c=c—b=b)b—a, 
the algebraic formula will give the following : — 


TABLE VII. 


SpecirAL FormMuL2 ror INTERPOLATION, INVOLVING Four KNOwN EQuI- 
DISTANT VALUES OF THE FUNCTION. 


Algebraic. 


Ages. x 


b+aynity(9B+ C)+ab0 (3.9B-+ C—19A—11D) 
+ ¥o | Yo (8 B+42C) + a%0( 8B+2C— 6A— 4D) 
+ 5 2 a5 (7 B+ 3 C) + aces (8.7B +3 C—17A— 13D) 
+ 445 2\ zy (6 B+ 4 C) + geo (8.6B+4+4C— 16A— 14D) 
eel eC Ce te ee a) 
+ $52 A (4B+6C) +745 (8.4B8+6C— 14A— 16D) 
+ yon (8 B+7C) + soos (8.3B+7C— 183 A— 17D) 
+ Yo \ ro (2B+4+8C)+r%0( 2B+8C— 4A— 6D) 
b+ 4n\( B+9C)+ a4 (3. B+IC—1LA—19D) 


ExampLe.— Given, unaugmented annual premiums, from Table 
VI., corresponding to ages 15, 25, 35, and 45; required the premium 
for age 28. 
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The difference between ages 25 and 28 is 53, of (m) the interval of 
age from 25 to 35; that is 28 is b + 3% n. 
Then 


Xo= a (BSC) ae OS 4 tC sea, 


in which A, B, C, and D equal respectively 1.33, 1.77, 2.43, and 
3.57. 


ah (7B +30) = 1.968 

3(7B+3C) =59.04 

17A+13B = 69.02; 
Xe = 1.98. 


Required a value corresponding to age 40, from data in the column 


/ 
headed — ad + Yo L',.. The formula is 


Xo = 3 (B+ C)+7(B+ C—A—D), 
and the given values are for ages 25, 35, 45, and 55. 
B+ C = 312,080, 
A+ D = 427,275 ; 
Xi = 148,840. 
Table VII. may take the symmetrical form of 
TABLE VIII. 


Srrc1AL FormMUL® FOR INTERPOLATION, INVOLVING Four KNOWN EQuI- 
DISTANT VALUES OF THE FUNCTION. 


Algebraic. 

a x 
b+ansa(9B+ C) 9x1(3.9B+ C—19A—11D) 
3n\4,(8B+2C) 8x2(3.8B+2 C—18 A— 12D) 
anii,(7B+8C) 7x3(3.7B+3C—17A— 13 D) 
An\z;(6B+4C) 6x4(3.6B+4C—16A—14D) 
nid (5B+5C)+sdo 5 X5(3.5B4+5C—15A—15 D) 
£,n|%,(4B+6 C) 4x6(3.4B+6C—14A—16D) 
ini (8B+7C) 3x7(3.3B+7C—13A—17 D) 
fni(2B4+8Cc) |2x8(3.2B+8C—12A—18D) 


b+ania( B+9C) 1x9(3. BL9C—11A—19D) 
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And anes when the four terms A, B, C, and D are equidistant, 
=< (=e B+ 2-3 0)4 gp ay * 
ae ee ee bC)—d—xA—zx—aD}}. 


i=- 


The writer is not aware that any previous attempt has been made 
to pass by direct and summary processes from the immediate results 
of actual observations to solutions of monetary and other practical 
questions involving life contingencies, as accurate and reliable as 
those obtained by the intervention of a formidable interpolation. In 
view of the large and rapidly accumulating mass of population and 
mortality statistics, such processes seem to be demanded. 

The approximate methods heretofore published have already been 
adverted to; allusion has also been made to certain formule adopted 
in the construction of theoretical Life-Tables, which afford facilities 
for the independent formation of required monetary and other values. 


Note.— The average future duration of life for ages 15, 25, 35, 45, 
and 55, deduced from values in column C, on page 82, are from .1 to 
.2 of a year Jess, and those derived from values in column E are from 
.2to .3 of a year greater, than corresponding durations obtained by 
more accurate methods. Arithmetical means of these results exceed 
the true values by about .05 of a year. By giving greater compara- 
tive weight to values deduced from C, closer approximations will 
ensue. 
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